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Abstract
Solving constrained multi-objective optimization problems (CMOPs) is a popular research direction in the field of optimiza-
tion. To address the limitations of using a single strategy in the recent constrained multi-objective evolutionary algorithms
(CMOEAs), reinforcement learning (RL) techniques have been applied to solve CMOPs and have achieved remarkable results.
However, existing methods use a relatively simplistic state representation to train RL model, which impairs the decision-
making capability due to the insufficient training. Moreover, the correlations among tasks are not considered when selecting
the strategy, potentially leading to negative knowledge transfer. In this paper, a CMOEA based on attention mechanism
assisted auxiliary task selection (AMTCMO) is proposed. Firstly, a population feature fusion method based on self-attention
mechanism is used to generate the real-time state of the population for training the RL model. Then, the enhanced state can
provide dynamic environment perception ability for the RL model, which can accurately reflect the auxiliary task needed at
present. Secondly, a selection strategy based on cross-attention mechanism driven by task association is proposed, which can
analyze the benefit of each task. The obtained attention scores and RL collaboratively decide the auxiliary task selection to
enhance the reliability. Experimental results show that the proposed AMTCMO demonstrates excellent performance on 4 test
suites and 2 real-world engineering problems compared with nine state-of-the-art CMOEAs.
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1 Introduction

The study of constrained multi-objective optimization prob-
lems (CMOPs) is a significant branch in multi-objective
optimization problems (MOPs), and have a wide range of
applications in the real world [3, 30], such as speed reducer
design problem [1], process synthesis problem [24], power
distribution system planning problem [45], and web ser-
vice location-allocation problems [46]. In general, a simple
CMOP can be described as follows [19]:

Minimize F(x) = ( f1(x), f2(x), . . . , fm(x)),

s.t.

⎧
⎪⎨

⎪⎩

x ∈ D
gi(x) ≤ 0, i = 1, . . . , s

hj(x) = 0, j = s + 1, . . . , t

,
(1)

where F(x) represents m objectives to be optimized. x refers
to the decision variable with n-dimension, D is the search
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space, gi(x) and hj(x) represent i-th inequality constraint
and j-th equality constraint, respectively.

The k-th constraint violation degree (CV) ofx is calculated
as follows [20, 22]:

CVk(x) =
{
max(0, gk(x)), k = 1, · · · , s

max(0, |hk(x)| − δ), k = s + 1, · · · , t
, (2)

where δ is a small positive number used to relax equality
constraints. The overall CV of x is calculated as follows [16]:

CV (x) =
t∑

k=1

CVk(x), (3)

where x is a feasible solution if and only if CV (x) = 0.
Solving CMOPs involves finding optimal solutions that

balance multiple conflicting objective functions while sat-
isfying a set of constraints. Therefore, the key to solving
CMOPs is to obtain a set of feasible Pareto optimal solutions,
which is mapped to the objective space to be the constrained
Pareto front (CPF). Over the past decades, many constraint
handling techniques (CHTs) have been proposed and embed-
ded into constrained multi-objective evolutionary algorithms
(CMOEAs). They mainly focus on balancing the conflict
between constraints and objectives, which is the main dif-
ficulty of solving CMOPs. Deb et al. [11] have proposed the
constraint dominance principle (CDP), which assigns prior-
ity to constraints. The random sorting (SR) [17] method uses
a probability function to assign priority to constraints and
objectives. The penalty function method [57] converts the
CV into the penalty term of the objective function, thereby
transforming CMOP into MOP to solve. To combine the
advantages of multiple CHTs, many advanced algorithms
adopt the multi-stage optimization method [27, 50]. Fan et
al. [13] have proposed a two-stage CMOEA, which sequen-
tially prioritizes objectives and constraints in different stages
of the algorithm. However, when such algorithms deal with
complex problems, the improper balance between constraints
and objectives will lead to the loss of convergence and diver-
sity. Specifically, if too much attention is paid to constraint
satisfaction may lead the algorithm to fall into the local
optima, while excessive emphasis on objective optimization
may destroy the constraint dominance relationship and cause
the population to diverge in the infeasible regions [66].

To address the limitation of using single CHT and parame-
ters of stage switching, the concept of evolutionarymultitask-
ing optimization (EMT) is first introduced to solveCMOPs in
[42], and has been widely applied in subsequent researches.
Similar to multitasking optimization (MTO), EMT treats
multiple related CMOPs as parallel tasks. The main task
corresponds to the original CMOP, while auxiliary tasks
represent the sub-problems after simplifying the constraints

and employ different strategies. Each task corresponds to a
population and the main task achieves optimal performance
through knowledge transfer in the process of evolution. Qiao
et al. [42] have proposed EMCMO based on EMT. The aux-
iliary task they constructed ignores the constraints of the
original problemand canhelp themain task converge quickly.
In their subsequent work, CMEGL [38], global auxiliary task
and local auxiliary task have been constructed to maintain
global and local diversity, respectively. The embedding of
the EMT framework improves the performance of the algo-
rithm in dealing with complex constraints, but it still exhibits
some shortcomings. When the number of auxiliary tasks is
insufficient, the algorithm struggles to balance feasibility,
convergence, and diversity. However, excessive number of
auxiliary tasks may lead to computational resource waste
due to parallel multitasking [5, 56].

Reinforcement learning (RL) techniques, which enable
agent to interact with environment and learn optimal policies
to perform, have recently been applied to address CMOPs to
mitigate limitations in the paradigm of EMT [8, 15]. Wang
et al. [53] have developed an adaptive CHT selection method
based on deep reinforcement learning. The most suitable
CHT is selected according to the preference of different
problems and the population needs of different evolution-
ary stages. Ming et al. [33] have integrated RL into the
EMT framework, and designed auxiliary task selectionmeth-
ods based on Q-learning (QL) and deep Q-learning (DQL),
respectively. QL and DQL are trained to select the most
suitable auxiliary tasks to help the main population evolve
according to the population state. While the application of
RL alleviates the challenge of the limited number of aux-
iliary tasks in EMT frameworks, they still exhibit critical
defects. The state representation of many RLs is relatively
simple, making it difficult to capture complex population
characteristics. Insufficient state inputwill affectmodel train-
ing and policy selection. Additionally, similar to the EMT
framework, the methods based on RL rarely consider the
correlation among tasks. This would undermine the reliabil-
ity of task selection and the efficiency of knowledge transfer
across tasks.

Based on the above considerations, a CMOEA based
on attention mechanism assisted auxiliary task selection
(AMTCMO) is proposed. The main contributions are as fol-
lows:

(1) A hybrid DQL model enhanced by attention mechanism
is proposed. Specifically, the population state fusion
method based on self-attention mechanism is used to
dynamically fuse multi-dimensional features of conver-
gence, feasibility, and diversity of the main population.
The mechanism adaptively integrates the population
state information by calculating the correlation weights

123



Memetic Computing (2026) 18 :5 Page 3 of 33 5

among the features to generate a discriminative real-time
state. During DQL model training, the enhanced state
serves as input, while the selection of auxiliary popula-
tion is treated as action, and the improvement of themain
population state is used as the reward. The enhanced
state not only improves the training efficiency of the deep
Q-network (DQN), but also precisely reflects the most
beneficial auxiliary population required by themain pop-
ulation at different evolution stages.

(2) A selection strategy based on cross-attention mecha-
nism driven by task association is proposed, which is
embedded in the EMT framework to help the algorithm
adaptively select auxiliary tasks. The cross-attention
mechanism calculates the attention scores between the
main task and the auxiliary task to analyze the poten-
tial correlation among tasks, and the DQL model uses
the DQN to evaluate the benefits of task selection. The
selection of auxiliary tasks is collaboratively decided by
attention scores and DQL. Attention scores can reflect
the attention of the main task to each dimension of the
auxiliary task feature, helping the main task filter auxil-
iary tasks from the task pool that complement the current
search blindness. The cooperation of attention scores and
DQL utilizes the correlation between tasks, making task
selection more reasonable and accurate.

The remainder of this paper is structured as follows. Sec-
tion 2 introduces the research background and related work.
Section 3 describes the motivation of this paper and presents
the proposed AMTCMO in detail. Section 4 validates the
performance of the algorithm through experiments. Section 5
summarizes this paper and discusses potential future research
directions.

2 Related work

2.1 CMOEAs based onmuti-stage optimization

Single CHT can not deal with complex problems, and has a
risk of local convergence. Many researchers have proposed
multi-stage CMOEAs that use different CHTs in different
evolutionary stages. Fan et al. [13] proposed the push-pull
search framework (PPS). In the push stage, the population
is rapidly pushed to the unconstrained Pareto front (UPF)
without considering any constraints. In the pull stage, the
population is gradually pulled back to the CPF using an
improved epsilon constraint handling method. To avoid the
difficulty of considering constraints all at once during the
switching stage, Ma et al. [31] proposed a UPF-based con-
straint prioritization strategy. At different stages of evolution,
constraints are considered one by one according to their

priority. Liang et al. [27] divided the evolutionary process
into learning stage and evolutionary stage. In the learning
stage, two auxiliary populations are constructed to approach
CPF and UPF respectively and learn the positional rela-
tionship between them. In the evolutionary stage, specific
strategies are set to guide the populations based on the
relationships learned in the previous stage. Bao et al. [2]
used a two-population cooperative framework and divided
the evolutionary process into two stages: exploration and
exploitation. In the exploration stage, the two populations
quickly explore the search space. In the exploitation stage,
the two populations collaborate to explore the CPF using
promising solutions archived from the previous stage. To
satisfy the balance between objective optimization and con-
straint satisfaction, Tian et al. [50] developed a two-stage
algorithm based on population state. During the evolutionary
process, the priority of constraint and objective is changed
by adaptively switching stages according to the state of main
population. Yu et al. [60] proposed a purpose-oriented two-
stage algorithm. In the first stage, the population ignores
constraints to balance convergence and diversity. In the sec-
ond stage, some promising infeasible solutions are used to
enhance the diversity.Wang et al. [54] proposed a three-stage
framework for diversity enhancement. At different evolution
stages, convergence, diversity, and feasibility are prioritized
and specific strategies are designed to additionally enhance
diversity.

2.2 CMOEAs based on evolutionarymultitasking

Due to the difficulty of controlling the parameters by using
different CHTs in stages, most of the popular CMOEAs
adopt the EMT paradigm. Qiao et al. [42] first developed
a constrained multi-objective optimization framework based
on EMT. The optimization of a CMOP is transformed into
two related tasks. The main task is used to solve the origi-
nal CMOP, and the auxiliary task is used to solve the MOP
after ignoring the constraints. The useful information pro-
vided by the auxiliary task can help the main task across
infeasible regions to search for CPF. To prevent the negative
impact of knowledge transfer, Tian et al. [49] presented a
paradigm of weak co-evolution. The auxiliary task does not
consider constraints and the degree of cooperation between
the main and auxiliary task is reduced. Liu et al. [29] pro-
posed a bidirectional coevolutionary strategy,where themain
and auxiliary task approach the CPF from two directions in
the search space, respectively. Qiao et al. [43] constructed
a dynamic auxiliary task, whose constraint boundaries are
dynamically reduced. Thus, it can continuously provide com-
plementary evolutionary directions for the main task. Since
the auxiliary task ignoring all constraints does not provide
effective information at most cases in the later evolutionary
stage,Li et al. [26] proposed adynamicpopulation size reduc-
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tion mechanism to reduce the consumption of computational
resources. Qiao et al. [37] designed a dynamic constraint
handling technique for the auxiliary task, which gradually
increases the number of constraints to utilize the excellent
infeasible solutions during the evolutionary process. In addi-
tion, the computational resources are dynamically allocated
based on the performance of the tasks.

In order to enhance the performance of the algorithms and
to achieve a better balance between feasibility, convergence,
and diversity, many algorithms construct multiple auxiliary
tasks. Qiao et al. [38] constructed global auxiliary task and
local auxiliary task for enhancing global diversity and local
diversity, respectively. In addition, a method to adaptively
stop updating the global auxiliary task is applied to save
computational resources. Ming et al. [34] proposed a three-
task framework based on different CHTs. The main task and
auxiliary tasks use constraint domination principle (CDP),
Pareto domination (PD), and constraint relaxation techniques
to balance constraints and objectives, respectively. Liu et al.
[28] proposed a collaborative multitasking framework and
constructed two adaptive auxiliary tasks. The first auxiliary
task uses adaptive constraint relaxation techniques to dynam-
ically shrink constraint boundaries, and the second auxiliary
task adaptively selects constraints to focus on single con-
straint. Yu et al. [61] developed an evolutionary multitasking
approach based on constraint subsets. Constraints are divided
into multiple constraint subsets and multiple auxiliary tasks
are constructed to solve the new CMOP formed by the con-
straint subsets. Qiao et al. [39] constructedmultiple auxiliary
tasks to solve the CMOP considering only a single constraint.
Furthermore, the method of confirming the priority of aux-
iliary tasks is applied in order to retain effective auxiliary
tasks.

2.3 CMOEAs based on reforcement learning
techniques

RL techniques guide the selection of optimal actions bymax-
imizing cumulative rewards through the interaction of the
agent and the environment. RL consists of three core ele-
ments: state, action, and reward. During iterative training,
the agent takes an action on the current state according to
the policy, and the environment generates a reward feedback
after receiving the action and enters the next state. Each time
the state, action, reward, and state after taking the action
are recorded to train the agent. Therefore, designing a rea-
sonable value function to measure the long-term benefits of
states and actions is a key point in RL. QL approximates the
value function through the Q table, which records the cumu-
lative reward of each action in each state during training. The
Q value which is the reward is used to learn the optimal strat-
egy. The update rule is based on the Bellman equation. The
Q value corresponding to state c and action a is calculated

as follows [32, 33]:

Q(c, a) = Q(c, a) + α[r + γ max
a′ Q(c′, a′) − Q(c, a)],

(4)

where α is the learning rate, and γ is the discount parameter.
However, since the Q table can only deal with discrete state
space, the generalization ability of QL is insufficient. DQL
uses DQN to approximate the value function of continuous
state space, which can estimate the expected reward for each
action. DQN trains the network through the loss function,
and its goal is to minimize the mean square error of the Q
value predicted by the network and the targetQ value, which
is calculated as follows [33, 35]:

L = 1

|�|
∑

h∈�

(Q(ch, ah) − qh)
2, (5)

where � is the training data randomly sampled from the his-
tory record. Q(ch, ah) is the output of theDQNwith the input
of the state ch and action ah . qh is the Q value after taking
action ah at state ch , which is calculated as follows:

qh = rh + γ max
a′ Q(ch+1, a

′), (6)

where rh is the reward feedback from the environment, and
Q(ch+1, a′) is themaximum reward for taking the next action
under the state where ah is performed.

Compared with evolutionary algorithm to find the optimal
solution in a static environment, RL can interact and learn the
optimal strategy in a dynamic environment. In order to deal
with the defects of single CHT, Wang et al. [53] developed
an adaptive CHT selection method based on DQL. It can
dynamically evaluate the influence of various CHTs on the
population state to select the best CHT. To solve the resource
waste caused by too many tasks paralleling in EMT, Ming et
al. [33] applied QL and DQL to the EMT framework, respec-
tively. The Q-table and Q-network are used to select the most
appropriate auxiliary task in the evolutionary process. Since
the performance ofCMOEAs largely depends on the operator
used, Ming et al. [35] proposed an online operator selection
framework that selects a suitable operator with the help of
DQL. Hu et al. [21] proposed a Pareto front search strategy
based on QL. The QL adaptively learns the shape and fea-
ture of CPF to guide the evolutionary process to better cover
the CPF. Yang et al. [58] developed a DQL assisted Voronoi
regions selection method. The search space is divided into
multiple Voronoi regions by the archive, and DQL is applied
to select promising regions to maintain high-quality solu-
tions. Zuo et al. [68] proposed an autonomous evolutionary
method based on process knowledge guidance. The embed-
ded RL technique autonomously selects a guidance strategy
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for the algorithm based on the state of the population. Zhang
et al. [65] designed an optimization model based on DQL
for solving the copper composition optimization problem. In
their proposed ε-constrained approach, the ε value is adap-
tively adjusted by the DQL.

3 Proposed AMTCMO

3.1 Motivation

In the past studies,most of the popularCMOEAsusemultiple
stages or multiple populations to enhance the performance
of the algorithms. Multiple stages based algorithms employ
different CHTs or evolutionary strategies at different peri-
ods of evolution. Multiple population based algorithms use
the framework of EMT. Each population performs a different
task to implement a specific strategy, which helps the main
population through knowledge transfer. Essentially, these
methods are designed to address the limitations of a sin-
gle strategy for the performance of the algorithm. However,
in the multiple stages based algorithms, the parameters of
stage switching are set based on subjective experience, which
makes it difficult to determine an appropriate parameter. In
order tomake a balance between feasibility, convergence, and
diversity, someEMT-based algorithms employmore than two
auxiliary tasks. Due to the purposes of themain task and aux-
iliary tasks are different, not every task is effective at different
stages of evolution. Thus, parallel evolution of these tasks
will inevitably result in a waste of computational resources.
The transfer of infeasible solutions generated by some auxil-
iary tasks may even cause negative effects on the main task.
For example, as is shown in the Fig. 1, the position relation-
ship between CPF and UPF of LIRCMOP6 and LIRCMOP7
is different. When it comes to the LIRCMOP6, the auxiliary
task explores that the solution of UPF is the solution of CPF.
On the LIRCMOP7, the solutions generated by the auxiliary
task to explore the UPF in the later stage of evolution are not
feasible, which is no longer helpful for the main task. Exist-
ing algorithms have designed some strategies to solve this
problem. Qiao et al. [38] designed an adaptive stop-update
strategy for their global auxiliary task, which stops utiliz-
ing the UPF by determining the standard deviation of the
objective value at the later stage of evolution. Qiao et al. [37]
designed a dynamic resource allocation scheme to allocate
computational resources to the main task and auxiliary tasks.
However, these methods still rely on the parameter settings
and the priori knowledge in the population.

However, fixed strategies and auxiliary tasks cannot cope
with all problems [55]. In the process of evolution, the state
of the population is changing all the time, and the strategies
needed in each period are different. It is difficult to implement
an appropriate strategy in such a dynamic environment.How-

ever, theRL technology canmake themost appropriate action
based on the feedback of the reward value through the interac-
tion between the agent and the environment. Compared with
traditional CMOEAs, CMOEAs based on RL can adaptively
select the best strategy and auxiliary task in a dynamic envi-
ronment. It has solved the dependence of parameters for some
algorithms to control the stage switching and the unneces-
sary waste of resources caused by the parallelism of multiple
tasks in EMT. However, the existing algorithms still have
some defects in the use of RL. Firstly, many algorithms have
an insufficient representation of the state of the population
when using RL. The common practice is to use some index
values to reflect the convergence, feasibility, and diversity of
the population, respectively. The calculated index is difficult
to capture the state characteristics of the population, which
may affect the selection of strategy. Secondly, the correlation
between tasks is unexploited, which is the same problem that
exists in many EMT-based CMOEAs. Knowledge transfer
between low correlation tasks may affect the optimization
efficiency and the global coordination of the search process.
The RL technology can only select the beneficial strategy,
thus lacking a basis for rational strategy selection.

Based on the above considerations, this paper proposes
a hybrid DQL model enhanced by the attention mechanism
for adaptive auxiliary task selection. In order to accurately
capture the real-time demand of the main population, a self-
attention mechanism is used to fuse the multi-dimensional
features of the main population to generate a comprehensive
state. Meanwhile, the cross-attention selection mechanism
driven by task correlation is applied to improve the reliability
of task selection and optimization efficiency.

3.2 General framework of AMTCMO

Algorithm 1 gives the general framework of the proposed
AMTCMO. Meantime, Fig. 2 shows the flowchart of the
main steps of AMTCMO. Firstly, three populations: main
population P1, auxiliary population AP1, and auxiliary pop-
ulationAP2 are initializedwhich consume 3N times function
evaluation (lines 1-2). A counter is initialized for controlling
the update of the DQN model (line 3). After that, the algo-
rithm enters the cycle iteration process until the number of
function evaluations (FE) reaches the maximum number of
function evaluations (MaxFE). The fitness values and state
vectors of each population are first calculated at the begin-
ning of each cycle (lines 5-6). The state vector of the main
populationwill be enhanced byAlgorithm 2 through the self-
attention mechanism (line 7). The attention scores between
the main population and auxiliary tasks are calculated by the
cross-attention mechanism in Algorithm 3 (line 8). In order
to balance the exploration and exploitation, the algorithm
is divided into two stages: learning stage and evolutionary
stage. When FE < η ∗MaxFE, the main population and two
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Fig. 1 Two positional relationships between CPF and UPF. Light blue is the feasible region, and orange and cyan lines represent CPF and UPF,
respectively

Fig. 2 An overview flowchart of AMTCMO

auxiliary tasks explore the search space together and accu-
mulate data for constructing the DQN model (lines 10-11).
When the algorithm enters the evolutionary stage, the stored
data is first used to train the DQN. The enhanced state vec-
tor of the main population and the selection of the auxiliary
task are regarded as the input state and the action, and the
state improvement of the main population through a cycle is
regarded as the reward (line 13). When making a decision,
the trained DQN outputs the Q values of all the actions. The
obtained Q values decide together with the attention scores
to select the best action, which is the required auxiliary task
for this cycle (line 14). The selected auxiliary task and the
main task are co-evolved to generate offspring and perform
environment selection (lines 15-20). In addition, the DQN
is updated every fifty iterations of the cycle to ensure that
the DQN is close to the current environment (lines 21-24).
Finally, the state of the main population is computed again
byAlgorithm 2 and the difference between the two states cal-

culated by Eq. (7) is used as the feedback of the interaction
between the agent and environment (lines 26-27).

reward = newstate1 − state1, (7)

Both states are processed by the self-attention mechanism,
which combines the performance of feasibility, diversity and
convergence. The difference between the two states is not
limited to the numerical fluctuation of a single dimension, but
can show the overall improvement of the population inmulti-
dimensional performance. Therefore, the difference between
the two is used as a reward for training DQN, which pro-
motes the agent to realize the selection of the optimal strategy
in subsequent iterations. The two states, the action and the
reward are stored for updating the DQN (line 28). After the
cycle termination is met, the main population is output as the
final solution set.
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Algorithm 1 General Framework of AMTCMO
Input: N (population size), MaxFE (maximum number of function

evaluations), η (parameter controlling the evolutionary stage)
Output: P1 (main population)
1: Initialize the populations P1, AP1, and AP2;
2: FE = 3·N ;
3: count = 0;
4: while FE < MaxFE do
5: Calculate fitness of P1, AP1, and AP2;
6: state2 ← Calculate the state of AP1 and AP2;
7: state1 ←Enhance the state of P1 by the self-attentionmechanism

using Algorithm 2;
8: taskscores ← Calculate attention scores between P1 and AP1,

AP2 by the cross-attention mechanism using Algorithm 3;
9: if FE < η ∗ MaxFE then
10: O1, O2, O3 ← Generate N/2 offspring by P1, AP1, and AP2

respectively;
11: P1, AP1, AP2 ← Update by environment selection;
12: else
13: Q values ← Build the DQL model to predict Q value of each

action;
14: i ← Select an action according to the Q values and

taskscores;
15: if i == 1 then
16: O1, O2 ← Generate offspring by P1 and AP1;
17: else
18: O1, O3 ← Generate offspring by P1 and AP2;
19: end if
20: P1, AP1, AP2 ← Update by environment selection;
21: count = count + 1;
22: if mod(count, 50) == 0 then
23: DQL ← Update the DQL model using record;
24: end if
25: end if
26: newstate1 ←Update the state of P1 by the self-attention mech-

anism using Algorithm 2;
27: reward ← Calculate the improvement in the state of P1;
28: record ← Save the state1, reward, action, and newstate1;
29: FE = FE + 3 · N/2;
30: end while

3.3 Attentionmechanism based adaptive task
selection

The training of the DQN is realized through the interac-
tion between the agent and the environment. The agent first
observes the state of the environment, and after selecting
an action to execute, the environment updates the state and
gives feedback as the reward. Therefore, the key to training a
DQN lies in the determination of states, actions and rewards.
In the previous algorithm design, the state is determined by
the state of the main population, the state improvement of the
main population is regarded as the reward, and the strategy
to be selected is viewed as the action. In order to demonstrate
the feasibility, convergence, and diversity of the main pop-
ulation, the usual approach uses Eqs (8) to (10) to calculate
three indicators as the state vector [33, 35].

con =
∑

x∈P
∑m

j=1 f j (x)

N
, (8)

f ea =
∑

x∈P CV (x)
N

, (9)

div = 1
∑m

j=1( f
max
j − f min

j )
, (10)

where P represents the population to be calculated, N is the
size of population, and f j (x) is the j-th objective function
value. However, the calculated state cannot fully characterize
the environment and it is difficult to capture key information.
As the eyes of RL, the state determines the understand-
ing of the agent for the environment, which can affect the
selection of action. The attention mechanism stems from
the ability of human eyes to process information from the
outside world. When making observations, our attention is
focused on what needs to be focused on and filters out unim-
portant information. The state representation in RL lacks
exactly this processing ability. In the proposed AMTCMO,
the self-attention mechanism is applied to enhance the rep-
resentation of the main population state. The self-attention
mechanism can capture the internal correlation of the popula-
tion features, thereby generating a real-time integrated state.
The enhanced state can better reflect the current required
action. The specific implementation steps are presented in
Algorithm 2. Firstly, the calculated indexes of the main pop-
ulation are composed of a state vector (line 1). The three
randomly initialized weight matrices and state vectors are
linearly transformed to obtain three vectors of query, key,
and value, respectively (lines 2-5). The query and the key
will obtain the similarity A through the dot product operation
(line 6). After that, the softmax function is used to normalize
A to obtain the attention weight. Due to the large dot product
calculation result, the softmax function gradient may disap-
pear. A is scaled by the dimension of the key vector (line 7).
Finally, the weight matrices and the value are weighted and
summed to yield the enhanced state vector (line 8). Since the
three weight matrices are parameters to be learned, a strategy
similar to the gradient descent method is used to adaptively
update the weight matrices (lines 10-12). The input state is
used as the gradient and the direction of the gradient update
is determined by the reward. The learning rate is a preset
parameter λ, which is discussed in the Sect. 4.5. Specifically,
when the reward is greater than zero, the state of the popula-
tion is improved. The update of theweightmatrix strengthens
the correlation between the Q, K and V vectors and the orig-
inal input state, so that a positive weight distribution effect
can be generated in the future. On the contrary, the update
of the weight matrix suppress the current state. The learn-
ing rate regulates the magnitude of the update during the
process to prevent the weight matrix from constantly oscil-
lating. This heuristic strategy enables the weight matrices to
learn adaptively. In this scenario where the loss function can
not be defined, it is beneficial to obtain the attention mode of
positive reward.
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Algorithm 2 Self-attention mechanism
Input: reward, λ (learning rate)
Output: state1
1: V ← [fea, con, div];
2: Wq ,Wk ,Wv ← rand(3, 3);
3: Q = Wq ∗ V ;
4: K = Wk ∗ V ;
5: V = Wv ∗ V ;
6: A = Q ∗ KT ;
7: weight = softmax(A/sqrt(3));
8: state1 = weight ∗ V ;
9: Update attention weights by the gradient descent method according

to the feedback:
10: Wq ← Wq + λ ∗ reward ∗ Q ∗ state1;
11: Wk ← Wk + λ ∗ reward ∗ K ∗ state1;
12: Wv ← Wv + λ ∗ reward ∗ V ∗ state1;

In addition, the DQL model not only learns the current
Q value for performing each action, but also predicts the
maximum cumulative Q value in the future. It is reason-
able to select appropriate actions based on the learned Q
values, but this approach has limitations when applied to
EMT framework to select auxiliary tasks. This is because
the Q value only considers the contribution of the auxiliary
task, it does not consider the correlation with the main task.
The key point of EMT is the knowledge transfer between
tasks. The efficiency of knowledge transfer can be improved
between tasks with high correlation. Conversely, the trans-
ferred knowledge even have a negative impact. Therefore,
analyzing the correlation between tasks helps to improve the
efficiency of optimization and the reliability of auxiliary task
selection. The cross-attention mechanism has a wide range
of applications in natural language processing. It is mainly
used tomodel the dynamic association between two different
sequences or feature spaces to capture the semantic relevance
between them. In the proposed method, the cross-attention
mechanism is used to compute the attention scores between
the main task and auxiliary tasks to represent the task cor-
relation. The hybrid DQL model uses attention scores and
Q values to collaboratively decide the action selection. The
pseudo-code for the specific implementation is represented
in Algorithm 3. Meanwhile, Fig. 3 shows the flowchart of
the hybrid DQL model. Firstly, two weight matrices are ran-
domly initialized (line 1). The enhanced state vector of the
main population and the state vectors of the auxiliary pop-
ulation are linearly transformed with the weight matrices to
generate the query and key vector, respectively (lines 2-3).
Different from the self-attentionmechanism, the value vector
is the same as the key vector in the cross-attention mecha-
nism (line 4). After that, the similarity A is calculated by
the dot product of the query and the key vector (line 5). The
attention weight is normalized by the softmax function with
the scaling operation (line 6). Finally, the attention scores are
obtained by the weighted sum of the attention weight and the
value vector (line 7). In order to better adaptively learn the

weight matrix, the contribution rate of the auxiliary tasks to
the main task is used to control the direction of the gradient
update, which is calculated as follows:

succ j = |APt
j |

|AP j | , (11)

where |AP j | represents the size of the auxiliary population,
and |APt

j | is the number of solutions transferred to the main
population. The state of the auxiliary task is used as the gradi-
ent, and the learning rate is consistent with the self-attention
mechanism.When the contribution rate ofAP1 is greater than
that of AP2 (succ1−succ2 > 0), the weight matrix of AP1 is
enhanced and the weight matrix of AP2 is suppressed. Con-
versely, the situation is opposite. Therefore, theweightmatrix
of the auxiliary population with a high contribution rate can
be positively adjusted to obtain higher attention scores (lines
8-14).

Algorithm 3 Cross-attention mechanism
Input: state1, state2, succ, λ (learning rate)
Output: taskscores
1: Wq ,Wk ← rand(3, 3);
2: Q = Wq ∗ state1;
3: K = Wk ∗ state2;
4: V = K ;
5: A = Q ∗ KT ;
6: weight = softmax(A/sqrt(3));
7: taskscores = weight ∗ V ;
8: if succ1 − succ2 > 0 then
9: Wq ← Wq + λ ∗ Q ∗ state2;
10: Wk ← Wk + λ ∗ K ∗ state2;
11: else
12: Wq ← Wq − λ ∗ Q ∗ state2;
13: Wk ← Wk − λ ∗ K ∗ state2;
14: end if

3.4 Auxiliary tasks

The setting of auxiliary tasks in EMT is particularly impor-
tant. Through knowledge transfer, auxiliary tasks can help
the main task quickly achieve convergence and get rid of
local optima. However, the requirements of the main task are
different in the evolutionary process. Therefore, two auxil-
iary tasks are set up in the proposed AMTCMO to enhance
convergence and diversity respectively for the hybrid DQL
model to learn and select. Firstly, to enhance the diversity,
the constraint relaxation auxiliary task AP1 is set as follows:

Minimize F(x) = ( f1(x), f2(x), . . . , fm(x)),

s.t. CV (x) ≤ εG,
(12)
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Fig. 3 The illustration of the hybrid DQL model

where εG is updated by [52]:

εG = ε0 ∗
(

1 − G
Gmax

)
( − log(ε0)−6

log(1−ω)

)

, (13)

where G denotes the current generation, Gmax represents the
maximum generations, ε0 is the initial maximum CV, and ω

is used to control the decreasing speed of εG . The solution
with the CV less than εG in the constraint relaxation auxil-
iary task is regarded as a feasible solution. Therefore, some
promising infeasible solutions can be retained in the con-
straint relaxation auxiliary population to maintain diversity.
Since most of the retained infeasible solutions are located
around feasible regions, continuing to explore these regions
can complement the evolutionary direction of themain popu-
lation. The degree of constraint relaxation decreases with the
number of evolutionary generations, so that the constraint
relaxation population and the main population maintain a
high degree of correlation in the later stages of evolution.
At the same time, to better preserve diversity, the constraint
relaxation auxiliary population uses an angle-based environ-
mental selection strategy.

Secondly, in order to help the main task cross the infea-
sible regions, the unconstrained auxiliary task AP2 is set as
follows:

Minimize F(x) = ( f1(x), f2(x), . . . , fm(x)). (14)

Therefore, the optimization task of unconstrained auxiliary
population is transformed into solving MOPs. Since the
constraints are not considered, the unconstrained auxiliary
population can not be blocked by the infeasible regions dur-
ing the evolution process and can directly converge to the
UPF. The fast evolution of the unconstrained auxiliary pop-
ulation prioritizes discovering the potential feasible regions
and helps the main task to converge quickly through knowl-
edge transfer. In addition, both the two auxiliary populations
adopt the neighbor pairing strategy to generate the offspring
[41, 63].

3.5 Computational complexity analysis

The computational complexity of AMTCMO includes the
calculation of population state, offspring generation, envi-
ronment selection, and training of DQN. P1, AP1 and AP2

calculate the state vector, and the time consumption is
3 ∗ O(mnN ). In the learning stage, all populations gen-
erate offspring, so the time complexity is 3 ∗ O(N/2). In
the evolutionary stage, only the main population and the
selected auxiliary population generate offspring, and the time
complexity is 2 ∗ O(N/2). Each population performs the
environment selection every iteration, so the time complexity
is 3 ∗ O(mN 2). The complexity of training DQN is O(4u2),
where u is the number of neurons in the neural network [6,
35]. In general, the computational complexity of AMTCMO
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is 3 ∗ O(mnN ) + 3 ∗ O(N/2) + 3 ∗ O(mN 2) + O(4u2) =
O(mN 2), which is consistent with many exiting CMOEAs.

4 Experiment

4.1 Experiment setting

4.1.1 Benchmark problems

Three typical test suitesCF [64], LIRCMOP[12], andDASC-
MOP [14] are selected to test the performance of the proposed
AMTCMO. The CF test suite contains 10 test problems. The
constraints of such test problems contain many nonlinear
constraints, resulting in very narrow or highly discontinu-
ous feasible regions. The Pareto front (PF) is divided into
discrete point sets or segmented continuous surfaces due to
the distribution of the feasible regions. At the same time, the
constraints and objectives of some problems have a strong
coupling relationship making the distribution of feasible
solutions closely related to the shape of PF. The LIRC-
MOP test suite contains 14 test problems, most of which
contain large infeasible regions. The objective function of
each test problem is jointly controlled by the shape func-
tion and the distance function. The shape function is used
to control the concave and convex of PF, and the distance
function is used to control the convergence difficulty of
the problem. In addition, the CPF of many test problems
is located at the constraint boundary due to the control of
the shape function, which increases the difficulty of the
search. DASCMOP test suite consists of 9 test problems
of adjustable difficulty. The constrained difficulty of each
test problem is controlled by a ternary array. Each position
of the ternary array represents feasibility difficulty, conver-
gence difficulty, and diversity difficulty, respectively. As a
result, the test problems in DASCMOP are flexible and var-
ied, posing a significant challenge to the performance of
algorithms. The three test suites have a total of 33 test prob-
lems, which can comprehensively test the performance of
the algorithm. Furthermore, we utilize the latest LSCM [40]
test suite to demonstrate the advancement of the proposed
AMTCMO, which contains 12 test problems. The constraint
function of such test problems is directly related to the deci-
sion space, including linear and nonlinear relationships. The
high-latitude decision space increases the number of con-
straint functions, resulting in a complex shape of the feasible
region and a fragmented local feasible region. In addition, the
decision variable and objective function have a non-uniform
correlation, so some variables only affect specific objectives,
which increases the difficulty of algorithm search.

4.1.2 Comparison algorithms

In order to reflect the performance of the proposed algo-
rithms, nine competitive algorithms of recent years are
selected as comparison algorithms. They are DCNSGAIII
[23], BiCo [29], EMCMO [42], CMEGL [38], MTCMO
[43], DRLOSEMCMO [35], CSEMT [39], DEST [54], and
APSEA [48]. DCNSGAIII uses a problem transformation
technique that transforms the CMOP into a dynamic CMOP.
The difficulty of constraints increases gradually, which
reduces the difficulty of solving CMOP. To utilize promising
infeasible solutions, DCNSGAIII uses an improved operator
to generate ε-feasible solutions. BiCo constructs an auxil-
iary population to search for the CPF from the two sides
of the space with the main population. EMCMO develops
a framework based on EMT to solve CMOP, which con-
structs an unconstrained auxiliary population to co-evolve
with the main population. Meanwhile, a tentative approach
is designed to guide knowledge transfer. CMEGL constructs
two auxiliary populations, a global auxiliary population and
a local auxiliary population for enhancing global diversity
and local diversity, respectively. To conserve computational
resources, an adaptive approach is used to control the evolu-
tion of the global auxiliary population.MTCMO constructs a
dynamic auxiliary population in which the constraint bound-
ary is gradually reduced, and designs an improved method
to utilize high-quality infeasible solutions. DRLOSEMCMO
proposes an online operator selection framework based on
DQL technology, which can select the best operator to gener-
ate offspring according to the state of the population. CSEMT
constructs multiple auxiliary tasks to search for PFs that
only consider a single constraint. The auxiliary task prior-
ity method is used to confirm the most useful auxiliary task.
DEST develops a diversity-enhanced evolutionary frame-
work to assign more priorities to diversity, which improves
the exploitation of CPF. In order to prevent the auxiliary
population from wasting the function evaluations, APSEA
proposes an adaptive population sizemethod, which dynami-
cally adjusts the population size according to the evolutionary
state.

4.1.3 Performance indicators

In order to evaluate the superiority between the comparison
algorithms, two performance indicators are selected: inverse
generation distance plus (IGD+) and hypervolume (HV).
IGD+ is calculated as follows [59]:

IGD+(P∗,S) = 1

|P∗|
∑

y∗∈P∗
min
s∈S d+(y∗, s), (15)

where P∗ represents the true PF. S donates the optimal
solution set obtained by the algorithm. IGD+ measures the
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quality of the output solution set by calculating the distance
of the set from the true PF. An improved Euclidean distance
is used in IGD+, which is calculated as follows:

d+(y∗, s) =
√
√
√
√

m∑

i=1

(max{si − y∗
i , 0})2, (16)

where m is the dimension of the objective space. Due to
the dependence on the true PF, IGD+ cannot measure the
performance of the algorithm in real-world problems. At the
same time, IGD+ cannot perfectly reflect the diversity of
the algorithm. Therefore, HV is introduced to evaluate the
performance of the algorithms. HV is calculated as follows
[18]:

HV(S) = �({q ∈ R
m | ∃s ∈ S : s ≤ q and q ≤ r}), (17)

where �(·) denotes the Lebesgue measure and r is a fixed
reference point defined in the objective spaceRm . HV reflects
the quality of the solution set by calculating the size of the
hypervolume surrounded by the output solution set and the
reference points. It can be seen that the smaller the IGD+ and
the larger the HV represent the better the convergence and
diversity of the output solution set. Therefore, the selected
two performance indicators can comprehensively evaluate
the performance of the comparison algorithms.

4.1.4 Experimental environment

The experiments in this paper are all conducted on the
PlatEMO (v4.11) platform built by Tian et al. [47] in MAT-
LAB (2022b). The experimental environment is Intel (R)
Core (TM) i7-10700CPU @ 2.90GHz processor, 16GB
RAM, and Windows 11 Professional operating system. All
the comparison algorithms are from the PlatEMO platform
and the parameters are chosen with the same settings as the
original literature. During the experiments, the maximum
number of evaluations (MaxFE) of all the comparison algo-
rithms is set to 100000, and the population size (N ) is 100.
Each algorithm is run independently 24 times on each test
problem.

4.2 Comparison results

Tables 1 and 2 show the IGD+ and HV results for the ten
comparison algorithms on the 33 test problems, respectively.
Each position of the table shows the mean and standard devi-
ation of each algorithm after 24 runs on the corresponding
test problem. The Wilcoxon rank sum test [67] with a signif-
icance level of 0.05 is used to analyze the obtained results,
and the symbols “+”, “−”, and “=” represent that the algo-
rithms are better than, worse than, and equal to the proposed

algorithm. The best results for each test problem are labelled
using using bold in Tables 1 and 2. As can be seen fromTable
1, AMTCMO outperforms DCNSGAIII, BiCo, EMCMO,
CMEGL, MTCMO, DRLOSEMCMO, CSEMT, DEST, and
APSEA on 31, 30, 24, 25, 29, 27, 26, 28, and 28 test prob-
lems, respectively. In addition, AMTCMO achieves the best
results on 24 test problems. The results in Table 2 show that
AMTCMO outperforms these comparison algorithms on 31,
29, 24, 24, 29, 25, 25, 28, and 27 test problems, respec-
tively. Meanwhile, AMTCMO achieves the best results on
22 test problems. Combining the results of both IGD+ and
HV, AMTCMO has a great advantage on these 33 test prob-
lems.

4.2.1 Results for CF

For the CF test suite, AMTCMO achieves the best IGD+
results on 6 of the 10 problems. In terms of HV, AMTCMO
achieves the best in 4 test problems and is equal to the best
algorithm in 3 test problems. Furthermore, as is shown in Fig.
4, AMTCMO achieves the best distribution on CF4. Due to
the high coupling of constraints and objectives and the large
scale of infeasible regions, the shape of CPF on many test
problems is a discrete point set or surface. This makes it
difficult for the algorithm to achieve a balance between con-
vergence and diversity. The auxiliary tasks constructed by
EMCMO and MTCMO only provide one aspect of conver-
gence and diversity for the main population. The parallelism
of the two auxiliary tasks in CMEGL cannot achieve bal-
ance because of the waste of function evaluation. CSEMT
andDCNSGAIII transformconstraints into single constraints
and dynamic constraints respectively, showing advantages in
complex problems. In addition, because the feasible regions
in the CF test suite are narrow, the unconstrained auxiliary
population cannot effectively explore the feasible regions to
help the main population. Therefore, the algorithms using an
unconstrained auxiliary population have a poor performance.
AMTCMO can determine the required auxiliary populations
based on the real-time state of the main population during
the evolutionary stage. It not only saves the function eval-
uation, but also co-evolves with the most suitable auxiliary
population to maintain a balance between convergence and
diversity.

4.2.2 Results for LIRCMOP

On the 14 test problems of LIRCMOP, AMTCMO achieves
the best results in both IGD+ and HV for 12 test problems. It
canbe seen fromFig. 5 that only thefinal solution set obtained
by AMTCMO completely covers the CPF. Due to the long
distance betweenUPF andCPF, the value of exploringUPF is
very small. Thus, the algorithmusing unconstrained auxiliary
population on LIRCMOP1-4 shows a poor result. DEST uses
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Fig. 4 The distribution of the main population formed by ten comparison algorithms on CF4.

Fig. 5 The distribution of the main population formed by ten comparison algorithms on LIRCMOP9

a diversity-enhanced framework to improve the exploration
of CPF, performing well in such test problems. The UPF
and CPF of LIRCMOP5-6 are the same and both are located
in the feasible regions, which is beneficial to the algorithm
using unconstrained auxiliary population. However, these
algorithms lack the use of high-quality infeasible solutions.
The loss of diversity leads to an incomplete CPF explo-
ration. The UPF is far from the CPF in LIRCMOP7-8, which
cannot provide effective information. DRLOSEMCMO uses
the preference of the operator for the LIRCMOP7-8, which
can select the appropriate operator to generate offspring,
achieving a good distribution on CPF. LIRCMOP9-12 uses
global constraints and local constraints to divide CPF into
multiple discontinuous segments, which requires the algo-
rithm not only to cross large infeasible regions but also to
maintain good diversity. The proposed AMTCMO can select
appropriate auxiliary task for the main population at differ-
ent evolutionary stages with the assistance of the attention

mechanism, which achieves good results. LIRCMOP13-14
are all three-objective high-dimensional complex constraint
problems, which pose a great challenge to the ability of the
algorithm to deal with constraints. The auxiliary population
ofCSEMTonly considers a single constraint,which is easy to
search in high-dimensional space and thusmakes theCSEMT
performs well.

4.2.3 Results for DASCMOP

For the DASCMOP test suite, AMTCMO achieves the best
IGD+ results in 6 of the 9 test problems. In addition, the
best HV results are obtained on 6 test problems. Fig. 6
shows the distribution of the solution obtained by the ten
comparison algorithms. It is obvious that AMTCMO dis-
tributes evenly, which indicates that AMTCMO maintains
a good diversity. DASCMOP1-3 is mainly a test of the
diversity of algorithms. However, in these test problems,
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Fig. 6 The distribution of the main population formed by ten comparison algorithms on DASCMOP9

the ratio of the feasible region to the search space is very
low, and many algorithms fall into local optima. This is
because the unconstrained auxiliary population they use
quickly approach the UPF during the search process and
ignore some potential feasible regions. AMTCMO can give
up the selection of unconstrained auxiliary population in
this case, and use the constrained relaxation population to
explore potential infeasible solutions to enhance diversity.
The constraints in DASCMOP4-6 form many obstacles to
prevent the convergence of the algorithm.CMEGL,EMCMO
and these CMOEAs based on unconstrained population
assistance quickly achieve convergence with the help of
unconstrained auxiliary populations. DASCMOP7-9 both
contain three objectives, which increase the difficulty in both
convergence and diversity. Due to the increased search dif-
ficulty, the algorithms consume more function evaluations.
APSEA dynamically adjusts the size of the auxiliary popula-
tion using an adaptive population size method, which saves
the number of function evaluations and ensures the conver-
gence of themain population.AMTCMOslightly lags behind
APSEA and CMEGL on DASCMOP7-8, but achieves the
best results on DASCMOP9. The proposed AMTCMO uses
the hybridDQLmodelwith the attentionmechanism to adap-
tively select auxiliary task. Compared with other EMT-based
algorithms that parallel multiple auxiliary tasks, it has certain
potential in high-dimensional problems.

4.2.4 Results for LSCM

Tables 3 and 4 show the IGD+ andHV results of the ten com-
parison algorithms on the LSCM test suite. The best results
for each test problem are labelled using bold in the tables
in Tables 3 and 4. Table 3 indicates that AMTCMO is supe-
rior to DCNSGAIII, BiCo, EMCMO, CMEGL, MTCMO,
DRLOSEMCMO, CSEMT, DEST and APSEA on 9, 8, 8,

9, 9, 9, 8, 10 and 8 test problems, respectively. The results
of Table 4 demonstrate that AMTCMO is superior to these
comparison algorithms on 4, 3, 3, 4, 4, 4, 3, 6 and 3 test
problems, respectively. In addition, AMTCMO achieves the
best results on IGD+ of 7 test problems and HV of 3 test
problems. Fig. 7 shows the box plot of the rank of compari-
son algorithms after the Friedman test. It can be seen that
AMTCMO ranks best among the comparison algorithms.
The high-latitude decision space of LSCM leads to com-
plex constraint functions. Therefore, the test suite poses a
great challenge to the convergence of the algorithm. Many
algorithms use unconstrained auxiliary population to help the
algorithm achieve convergence quickly. However, there is a
nonlinear relationship between the objectives and constraints
of some test problems in LSCM,whichmakes the population
unable to provide effective information.CSEMTuses a single
constraint to construct the auxiliary population. It not only
ensures convergence speed but also avoids being plagued
by nonlinear relationships, thereby achieving good results.
Furthermore, the feasible region of LSCM is complex, and
there are many locally infeasible regions. This requires the
algorithm to search each region carefully to find a promising
search direction while maintaining a fast convergence speed.
The proposed AMTCMO can switch the auxiliary popula-
tion in real time according to the population state. After the
unconstrained auxiliary population helps to cross the infeasi-
ble regions, the constrained relaxation population is switched
to explore the regions. Therefore, AMTCMO is competitive
on this test suite.

4.3 Statistics results

In order to analyze the experimental results, two nonpara-
metric statistical analysis models are applied: Wilcoxon
signed-ranks test and Friedman aligned test. IGD+ and HV
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Fig. 7 The box plots of rank obtained by the Friedman test on LSCM test suite

Table 5 IGD+ results obtained
by the Wilcoxon test for
AMTCMO

AMTCMO VS R+ R− Exact p value Asymptotic p value

DCNSGAIII 561.0 0.0 2.328e−10 0.000001

BiCo 552.0 9.0 7.6840e−9 0.000001

EMCMO 525.0 36.0 1.1576e−6 0.000012

CMEGL 520.0 41.0 2.3040e−6 0.000018

MTCMO 542.0 19.0 7.1480e−8 0.000003

DRLOSEMCMO 497.0 31.0 1.1060e−6 0.000013

CSEMT 515.0 46.0 4.3940e−6 0.000027

DEST 530.0 31.0 5.5300e−7 0.000008

APSEA 551.0 10.0 1.0012e−8 0.000001

Table 6 HV results obtained by
the Wilcoxon test for AMTCMO

AMTCMO VS R+ R− Exact p value Asymptotic p value

DCNSGAIII 551.0 10.0 1.0012e−8 0.000001

BiCo 511.0 17.0 9.6400e−8 0.000004

EMCMO 493.0 35.0 2.0040e−6 0.000017

CMEGL 477.5 50.5 1.5137e−5 0.000058

MTCMO 498.0 30.0 9.4760e−7 0.000011

DRLOSEMCMO 466.5 61.5 5.1620e−5 0.000084

CSEMT 503.5 57.5 1.6991e−5 0.000052

DEST 517.0 44.0 3.4100e−6 0.000019

APSEA 542.0 19.0 7.1480e−8 0.000003

results are imported into the KEEL [51] software for sta-
tistical analysis. Tables 5 and 6 demonstrate the results of
the Wilcoxon signed-ranks test. A larger R+ and R− differ-
ences in the tables indicate that AMTCMO outperforms the
comparison algorithms on more test problems. Moreover, a
p-value less than 0.05 signifies a significant difference in
the performance of the two comparison algorithms. It can be

seen that the exact p-values of all the comparison algorithms
are significantly less than 0.05, which indicates a significant
advantage of the proposed AMTCMO. Figs. 8 and 9 draw
the box plot, which present the ranks of all comparison algo-
rithms after the Friedman aligned test. The quartile interval
of the rank constitutes the box, and the whisker line is the
numerical range of the rank, which can show the overall dis-
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Fig. 8 The box plots of average IGD+ rank obtained by the Friedman test

persion of the data. These figures connect the mean of each
rank into a line chart. It is obvious that AMTCMO achieves
the best rank on all the test suites. In the box chart, the lower
the box denotes the better the rank, and the longer the box
represents the greater the numerical fluctuation. Therefore,
the excellent rank of AMTCMO on each test suite is sta-
ble. Through the above statistical tests, there are statistically
significant differences between the proposed AMTCMO and
the comparison algorithms, which shows the excellent per-
formance of AMTCMO.

4.4 Ablation study

In this section, an ablation study of the proposed AMTCMO
is carried out to validate the effectiveness of the pro-

posed strategy. Specifically, three variants are constructed
AMTCMO_1, AMTCMO_2, and AMTCMO_3. In
AMTCMO_1, the self-attention mechanism is not used for
the main population to enhance the state representation.
AMTCMO_2 does not use the cross-attention mechanism to
calculate the attention scores between the main task and the
auxiliary task to decide the selection of the auxiliary task. The
self-attention mechanism and cross-attention mechanism in
AMTCMO_3 are not used, and the selection of auxiliary
tasks is only through the learning of the DQL model. Tables
7 and 8 present the IGD+ and HV results for the three vari-
ants. The best results for each test problem are labelled using
bold in the tables in Tables 7 and 8. Tables 9 and 10 give a
summary of the experimental results and show the results of
theWilcoxon signed-ranks test. It can be seen that these vari-
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Fig. 9 The box plots of average HV rank obtained by the Friedman test

ants are inferior to the proposed AMTCMO in both IGD+
and HV, and the differences between R+ and R− are large.
In addition, Fig. 10 illustrates the ranks of the variants and
AMTCMO after the Friedman aligned test on each test suite.
It is evident that AMTCMO achieves the best rank on each
test suite. Thus, AMTCMO shows a significant performance
improvement with the help of the self-attention mechanism
and the cross-attention mechanism.

The main population state representation enhanced by the
self-attention mechanism can not only generate real-time
integrated population states to help the DQL better learn the
appropriate actions, but also calculate the attention scores
between the main task and auxiliary tasks collaborating with
the cross-attentionmechanism to guide the selection of tasks.
Therefore, AMTCMO compared to these variants can select

the most appropriate task to assist the main task during the
evolution process. In order to intuitively verify the rational-
ity of the proposed strategy in task selection, we count the
number of auxiliary tasks selected by each algorithm in the
evolution process on the two test problems DASCMOP4 and
LIRCMOP5. DASCMOP4 needs the help of unconstrained
auxiliary tasks to approach CPF in the early stage of evo-
lution due to the existence of infeasible regions. In the later
stage of evolution, since CPF is divided intomultiple discrete
fragments, the algorithm needs to maintain diversity with the
help of constraint relaxation auxiliary tasks to explore the
complete CPF. The CPF and UPF of LIRCMOP5 are highly
overlapping, so choosing an unconstrained auxiliary popu-
lation leads to better algorithm performance. The statistical
results in Figs. 11 and 12 show that AMTCMO selects the
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optimal auxiliary task on both test problems, while the vari-
ant without the help of the attention mechanism is unable
to identify the auxiliary task that is beneficial to the current
state, and even makes a wrong decision.

AMTCMO_3 only uses the Q value but does not assist
with the attention mechanism to select auxiliary tasks. How-
ever, the evaluation based only on the Q value is relatively
simple. The infeasible solutions generated by auxiliary tasks
may carry key boundary information or maintain diversity,
and these potential values are not considered. In addition,
DQL compresses multi-dimensional performance into a sin-
gle Q value, which may lead to conflict of feasibility,
convergence and diversity. On diversity-sensitive problems
such as DASCMOP4, the Q value may be biased towards
short-term feasibility gains, resulting in local convergence.
The introductionof the attentionmechanismsolves these lim-
itations, but it brings some trouble at the same time. When
the number of function evaluations is limited, the weight
matrices of the attention mechanism are difficult to con-
verge due to continuous changes of the environment. Its lag
response makes the state representation and task correlation
analysis deviate from the real needs and weakens the effec-
tiveness of decision-making. Furthermore, if there is a big
conflict between attention score andQ value in collaborative
decision-making, the lack of arbitration criteria may reduce
the stability of auxiliary task selection.

4.5 Parameter analysis

The proposed AMTCMO contains two parameters: η and λ.
η is used to control the transformation of the learning and
evolutionary stage, and λ is the learning rate of the weight
matrices update in the attention mechanism. For η, four vari-
ants η ={0.2, 0.4, 0.5, 0.6} corresponding to AMTCMO_4,
AMTCMO_5, AMTCMO_6 and AMTCMO_7 are con-
structed. As to λ, four variants λ ={0.001, 0.1, 1, 10} cor-
responding to AMTCMO_8, AMTCMO_9, AMTCMO_10
and AMTCMO_11 are constructed. The summary of the
experimental results of each variant and the results of the
Wilcoxon signed-ranks test are shown in Tables 9 and 10. At
the same time, Figs. 13 and 14 show the rank of the variants
after the Friedman aligned test on each test suite. It can be
seen from the experimental results that the proposed algo-
rithm achieves the best results using η = 0.3 and λ = 0.01.
AMTCMO uses a hybrid DQLmodel enhanced by the atten-
tion mechanism, and sufficient data needs to be accumulated
in the learning stage to construct the DQNmodel. Therefore,
if the parameter set too small, the insufficient amount of data
accumulated in the learning stage will lead to inadequate
model training. If the parameter set too large, the algorithm
will stay in the learning stage for a long time. The appropri-
ate auxiliary tasks cannot be selected in time, which leads to
the waste of computing resources. The attention mechanism

uses a strategy similar to the gradient descent method in the
weight matrices update process, and λ is used to control the
magnitude of the update. The size of η controls the time of
using the DQN model. When λ is too small, the attention
weight cannot update enough in the dynamical environment,
which may make the population state representation lag. If
λ is too large, the attention weight continues to oscillate and
cannot converge.

4.6 Practical application

Different from the test suite designed specifically for algo-
rithm performance, real-world engineering problems have
more objectives and the constraints are more complex [9,
10]. In order to verify the potential value of the proposed
AMTCMO in dealingwith real-world engineering problems,
two real-world engineering problems two bar truss design
problem [4] and disc brake design problem [36] are selected.
Fig. 15 presents the two bar truss design problem. The goal
of this problem is to minimize the structural weight f1(x)
and the position change of joint 3 f2(x). The cross-sectional
area of the members and the distance of x in Fig. 15 are the
decision variables to satisfy the truss geometry symmetric
which form three constraints. It can be described as follows
[44, 62]:

minimize f1(x) = x1

√

16 + x23 + x2

√

1 + x23 ,

minimize f2(x) =
20

√

16 + x23
x1x3

,

(18)

s.t.

⎧
⎪⎪⎨

⎪⎪⎩

g1(x) = f1(x) − 0.1 ≤ 0,

g2(x) = f2(x) − 105 ≤ 0,

g3(x) = 80
√

1+x23
x3x2

− 105 ≤ 0,

where 10−5 ≤ x1 ≤ 100, 10−5 ≤ x2 ≤ 100, 1 ≤ x3 ≤ 3.
The disc brake design problem is tominimize the stopping

time f1(x) and the mass of disc brake f2(x). This problem
involves four decision variables including the inner and outer
radius (x1, x2), the clamping force (x3), and the number of
friction surfaces (x4). The four decision variables form five
constraints, which is defined as follows [7]:

minimize f1 (x) = 4.9 × 10−5
(
x22 − x21

)
(x4 − 1) ,

minimize f2 (x) = 9.8 × 106
(
x22 − x21

)
/x3x4

(
x32 − x31

)
,

s.t .

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

g1(x) = 20 − (x2 − x1) ≤ 0,

g2(x) = 2.5 (x4 + 1) − 30 ≤ 0,

g3(x) = x3/π
(
x22 − x21

)2 − 0.4 ≤ 0,

g4(x) = 2.22 × 10−3x3
(
x32 − x31

)
/
(
x22 − x21

)2 − 1 ≤ 0,

g5(x) = 900 − 2.66 × 10−2x3x4
(
x32 − x31

)
/
(
x22 − x21

) ≤ 0,

(19)
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Table 9 The summary of IGD+
results and the Wilcoxon test for
ablation study and parameter
analysis

AMTCMO VS +/−/= R+ R− Exact p value Asymptotic p value

AMTCMO_1 1/7/25 372.0 189.0 0.10454 0.100209

AMTCMO_2 3/14/16 435.0 126.0 0.00485 0.005614

AMTCMO_3 3/14/16 361.0 200.0 0.15472 0.147815

AMTCMO_4 2/12/19 406.0 155.0 0.02412 0.024364

AMTCMO_5 0/10/23 455.0 106.0 1.276e−3 0.001725

AMTCMO_6 0/17/16 496.0 65.0 3.766e−5 0.000114

AMTCMO_7 1/24/8 516.0 45.0 3.874e−6 0.000025

AMTCMO_8 2/12/19 449.5 111.5 0.001883 0.002349

AMTCMO_9 0/8/25 424.0 137.0 0.009304 0.009917

AMTCMO_10 1/8/24 408.5 152.5 0.0213 0.021383

AMTCMO_11 1/9/23 462.5 98.5 7.314e−4 0.001082

Table 10 The summary of HV
results and the Wilcoxon test for
ablation study and parameter
analysis

AMTCMO VS +/−/= R+ R− Exact p value Asymptotic p value

AMTCMO_1 0/6/27 335.0 193.0 0.1901 0.180211

AMTCMO_2 3/12/18 393.0 135.0 0.0148 0.014979

AMTCMO_3 3/11/19 378.0 183.0 0.0831 0.079938

AMTCMO_4 3/8/22 364.5 163.5 0.0609 0.057767

AMTCMO_5 1/9/23 431.0 130.0 6.188e−3 0.006849

AMTCMO_6 0/17/16 441.5 86.5 5.355e−4 0.000826

AMTCMO_7 1/23/9 503.0 25.0 4.210e−7 0.000007

AMTCMO_8 2/7/24 410.0 151.0 0.01974 0.019362

AMTCMO_9 0/7/26 383.0 178.0 0.06796 0.044838

AMTCMO_10 0/7/26 368.0 160.0 0.05208 0.039402

AMTCMO_11 1/7/25 390.0 138.0 0.01746 0.002739

Fig. 10 IGD+ and HV rank of ablation study obtained by Firedman test
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Fig. 11 The number of auxiliary tasks selected by each algorithm in the evolution process

where 55 ≤ x1 ≤ 80, 75 ≤ x2 ≤ 110, 1000 ≤ x3 ≤
3000, 2 ≤ x4 ≤ 20.

All comparison algorithms run independently 24 times,
and the maximum number of function evaluations for each
problem is set according to [25]. Since the true PF of real-
world engineering problems is unknown, the IGD+ cannot
be calculated. Therefore, only the HV is selected as the per-
formance indicator. The final results are shown in Table 11.
It can be seen that the proposed AMTCMO achieves the best
results on the twoproblems. Therefore,AMTCMOshows the
potential value to solve real-world engineering problems.

5 Conclusion

In this paper, in order to address the defects of insuffi-
cient population state representation and underdevelopment
of task correlation when applying RLs for solving CMOPs,
a CMOEA based on attention mechanism assisted auxil-
iary task selection (AMTCMO) is proposed. Firstly, when
training the RL model, the self-attention mechanism is used
to generate the enhanced population state as input. The
enhanced state integrates the multi-dimensional feature of
the population, which can better reflect the current needs
and make the model prediction more accurate. Secondly, the
cross-attention mechanism is used to calculate the attention
scores between tasks to exploit the correlation among tasks.
The attention score can reflect the attention degree of the
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Fig. 12 The number of auxiliary tasks selected by each algorithm in the evolution process

main task to each auxiliary task, which can complement the
decision-making with RL and increase the reliability of task
selection. Compared with nine state-of-the-art algorithms
on 4 test suites and 2 real-world problems, the proposed
AMTCMO shows excellent performance. At the same time,
a large number of statistical results and experimental studies
show the effectiveness of the proposed strategy. In particular,
it can be seen from the results of ablation experiments that the
proposed strategy can better select effective strategies than
traditional RLs.

In the future, there are still some noteworthy research
directions. Firstly, the DQL model used in AMTCMO
requires a large amount of training data. When the number of
function evaluations is limited, the training of the model can-
not be guaranteed, which may affect the selection of strategy.

Therefore, there is potential to nest some advanced unsu-
pervised learning techniques in the algorithm. Furthermore,
AMTCMOdoes not performwell on some high-dimensional
complex problems, which requires specific auxiliary tasks to
provide assistance. Therefore, more effective auxiliary tasks
are expected to be designed for selection to enhance the abil-
ity to cope with complex and changing problems.
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Fig. 13 IGD+ and HV rank of η under different values obtained by Firedman test.

Fig. 14 IGD+ and HV rank of λ under different values obtained by Firedman test
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